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Abstract 

We prove that action of a semigroup T on compact metric space X by con- 
tinuous selfmaps is strongly proximal if and only if T action on V(X) is strongly 
proximal. As a consequence we prove that affine actions on certain compact 
convex subsets of finite-dimensional vector spaces are strongly proximal if and 
only if the action is proximal. 
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Let A be a complete separable metric space. Let T be a semigroup acting on X 
by continuous selfmaps. A system (A, T) is a pair consisting of a complete separable 
metric space A and a semigroup T acting on A by continuous selfmaps. In such a 
situation A is a called a T-space. 

Two points x and y in a T-space A are said to be proximal if there exists a 
sequence (t n ) in T such that limt n a; = \imt n y. 

We say that a system (A, T) is proximal or the action of T on A is proximal if 
any two points x and y in A are proximal. 

It is easy to see that group of special linear automorphisms on W 1 action on M. n 
is proximal and the compact group actions are not proximal. 

Let V(X) be the space of all regular Borel probability measures on A, equipped 
with the weak* topology with respect to all continuous bounded functions. It may 
be seen that V(X) equipped with the weak* topology is a complete separable metric 
space (see [P]). The map x i— > 5 X , maps A homeomorphically onto a closed subset 5x, 
say of V{X) (see [P]) where S x is the measure concentrated at the point x. Suppose a 
semigroup T acts on A by continuous selfmaps. Then the action of T on A extends 
to an action on V(X) in the following natural way, for any A G V(X) and any t G T, 
tX(E) = A(i -1 .E) for any Borel subset E of A. 

We say that a system (A, T) is strongly proximal or the action of T on A is strongly 
proximal if for any A G V(X), there exists a sequence (t n ) C T such that t n X — > ^ 
for some x G A. 

By considering |(<5 a . + 5 y ) for any x, y G A, it is easy to see that any strongly 
proximal system is proximal; see [G] for more details on proximal and strongly prox- 
imal systems. But not all proximal systems are strongly proximal. The action of the 
special Linear group SL(V) on V is proximal but it is not strongly proximal. 

We now prove the following interesting result which is needed in the sequel. 
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Proposition 1 Let T be a semigroup acting on a complete separable metric space X 
by continuous selfmaps. Then the action of T on X is strongly proximal if and only 
if the action ofT onV(X) is proximal. 

Proof Suppose the action of T on X is strongly proximal. Let Ai and A2 be in 
V(X). Then there exists a sequence (t n ) in T such that £ n (|(Ai + A2)) — > S x for some 
x G X. Then for given 1 > e > there exists a compact subset K of X such that 

t n X 1 (K) + t n X 2 (K)>2-t (i) 

for all n > 1. Suppose for some i — 1,2 and for some m > 1, t m Xi(K) < 1 — e. Then 
since Ai and A2 are probability measures, we get that 

t m X x (K) + t m X 2 (K) <2-e 

for some m > 1 which is a contradiction to (i). Thus, 

t n \i(K) > 1 - e 

for i = 1,2 and for all n > 1. By Prohorov's theorem (see [B] or [P]), the sequences 
(t n Ai) and (t n X 2 ) are relatively compact in V(X). Let /ii be a limit point of (t„Ai). 
Then there exists a /i2 € ^(X) such that 

7^1 + ^2) = ^ 

and hence /xi = f^. This implies that 

limt n Ai = S x = limt„A2. 

Thus, the action of T on V(X) is proximal. 

Suppose the action of T on V(X) is proximal. Let A G V(X). Now for any x G X, 
there exists a sequence (i n ) in T such that 

limt n A = \\vat n 5 x . (ii) 

For any n > 1, £ n £ G which is a closed T-invariant set and hence \imt n x G <5x- 
Thus, (ii) implies that 

t n X — > ^ 

for some y E X . □ 

Let (X, T) be a dynamical system where X is a complete separable metric space 
and T be topological semigroup. Let us now consider the map V(V(X)) — > P(X) 
defined as 

= / yMy) e P(x) 

for any p G P(P(X)). 

We first establish the following properties of 
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Proposition 2 Let X, T and ^ be as above. Then 



1. ^ is a continuous T-equivariant map, 

2. *(8 y )=y for ally eV(X), 

3. for p G V(V(X)), ^(p) = 5 X for some x G X implies p is a point mass concen- 
trated at the point x. 

4- suppose X is a semigroup, then ^ is a semigroup homomorphism. 

Proof Since X, V(X) and V(V(X)) are all metrizable, it is enough to prove sequen- 
tial continuity of Let be a sequence in V{V(X)) such that p n — > p G V(V(X)). 
Let v n = ^(pn) for all n and ^(p) = v. Let / be a bounded continuous function on 
X. Then the function y \— > y(f) is a continuous bounded function on V(X) and hence 
since p n — > p in V(V(X)), we have 

^(/) = | y(/)<Wv) - | y(/)dp(y) = 

Thus, z/ n — ► f in This proves that \l/ is continuous. Since the action of T on 

X is by continuous maps, we have 



tv = J tydp(y) = J yd(tp)(y), 



that is t^(p) = ^(tp). Thus, verifying property (1) of the map It is easy to verify 
property (2) of the map 

Suppose for p G V(V(X)), ^f(p) = S x = u, say for some x G X. Then for any 
e > and any bounded continuous function / on X such that / > and f(x) = 0, 
let 

<r(f,e) = {yeV(X)\y(f)>e}. 

Then 

= K/)> / V(f)dp(y)>ep(a(f,e)) 
Jye<r(f,e) 

and hence p(o~(f, e)) = 0. It is easy to see that <r(/, e) is an open set for all continuous 
bounded / and e > 0. Now let W be the set of all nonnegative bounded continuous 
functions f on X which vanish at x and 

B = U feW U~ =1 <7(/,-). 

Th 

Then B is an open set. 

We now claim that BUx = V(X) and x G" B. Let ^) G Then choose 

a compact set K such that \{K) > \ for some n and x £ K. Since x K, there 
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exists a continuous function / on X such that < / < 1, f(x) = and f(y) = 1 for 
all y e K. Then A(/) > ± and hence A G a(f, ±) C B. Thus, V(X) = B U x and it 
is easy to see that x ^ B. 

We now claim that p(-B) = 0. Let K be any compact set contained B. Then there 
exists a finite number nonnegative continuous function fx, f'2, ■ ■ ■ , fk and a finite set 
of integers ni, n 2 , • • - , n& such that K C Uaf/j, — ). Since p(o~(f, e)) = for all f E W 
and e > 0, we have p{K) = and hence since K is any arbitrary compact subset 
contained in B, we have p{B) = 0. Thus, p is the mass concentrated at the point 
x G X. Thus, verifying property (3) of the map 

Suppose X is a semigroup. The \1/ is a semigroup homomorphism follows from 
the facts 

1. \I/ is affine, that is for any < «i, «2, • • • , ot n < 1 with J^Oj = 1 and for 
Pi, Pa, • • • , Pn e V{V(X)), aiPi) = E Oi*(pi), 

2. the set of measures with finite supports in V(X) is dense in V(V(X)) and 

3. ^ is continuous. 

□ 

We now prove that strongly proximal actions on compact metric spaces is hered- 
itary in the following sense. 

Theorem 1 Let X be a compact metric space and T be a topological semigroup acting 
on X . Then the following are equivalent: 

1. T action on X is strongly proximal; 

2. the action of T on V(X) is strongly proximal. 

Proof Suppose (X, T) is strongly proximal. Let p G V(V(X)), and let v = ^f(p) G 
V(X). Then since the action of T on X is strongly proximal, there exists a sequence 
(t n ) in T such that t n v — > S x , for some x G X. Since for each n, t n p G V(V(X)) which 
is a compact metrizable space, the sequence (t n p) is a relatively compact sequence. 
Now let p G V(V(X)) be a limit point of (t n p). Since V(V(X)) is a metrizable 
space, there exists a subsequence of (t n ) such that ^ n p — > p in P(P(X)). Let 
u = ^r(po) g Then by Proposition H 

*fcn^ = **n*(p) = *(^P) -> *(Po) = ^0 

in V(X) and hence since t n z^ — ► ^ in V(X) which is a metric space, we get that 
vq = S x . Again by Proposition^ po is the mass concentrated at x G X. Thus, the 
relatively compact sequence (t n p) has a unique limit point and hence it converges to 
the point mass concentrated at x G X. This proves that (1) implies (2). That (2) 
implies (1) follows from Proposition ^ and from the remark that strongly proximal 
actions are proximal. rj 
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As a consequence we have the following corollary for certain affine actions: affine 
action of a semigroup T on a closed convex subset X of a locally convex vector space 
is an action of T on X such that t(ax + (1 — a)y) = at(x) + (1 — a)t(y) for all x, y G X 
and all < a < 1. 

Corollary 1 Let {t>i, t>2, ■ • • , v n } be a set of linearly independent vectors on a locally 
convex vector space V over reals. Let X be the convex hull of {vi, i?2, ■ • - , v n }. Let T 
be a topological semigroup acting on X by affine surjective maps. Then the T action 
on X is proximal if and only if the T action on X is strongly proximal. 

Proof Let F = {v{ \ 1 < i < n}. Since F is compact, it is easy to see that X 
is compact. Since T is an affine action of X by surjective maps and F is the set of 
extreme points of X, F is a T-invariant set. Thus, T acts on F also. 
Let /: V{F) -f X be defined by 

/(A) = £ A^Ui 

for all A G V(F). Suppose (A n ) is a sequence in V(F) such that A„ — > A in V{F). 
Then A n (wj) — > A(%) for all i This implies that /(A n ) = ^2\ n { v i)Vi ~^ Yl ^( v i) v i- 
Thus, / is continuous. 

Given any point x in X there exist < \ < 1 for i = 1,2, ■••n such that 
x = ^ Ajf j and J^Aj = 1. Since {t>j | 1 < z < n} is a linearly independent set 
Aj's are unique. This implies that / is a bijection. Since V(F) is compact, / is a 
homeomorphism. Since the action is affine it is easy to verify that f(t\) = tf(X) for 
all t G T. Suppose the T action on X is proximal. Then the T action on V(F) is 
proximal. Now by Proposition Q T action on F is strongly proximal and hence by 
Theorem ^ T action on V(F) is strongly proximal. Since / is a homeomorphism 
preserving the T-action, T action on X is strongly proximal. □ 

Remark 1 It should be noted that the conclusion of Theorem ^ is valid for any 
Polish space if the map ^ is proper. 

In general for a complete separable metric space X, it is not clear that (V(X), T) 
is strongly proximal if (X, T) is strongly proximal. However the system (V(X),T) 
does not admit a non-trivial T-invariant measure in the following sense: 

Corollary 2 Let T be a topological semigroup acting strongly proximally on a com- 
plete separable metric space X. Suppose p G V(V(X)) is T-invariant. Then p is the 
mass concentrated at a point x G X . 
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